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CANONICAL BASES AND QUIVER VARIETIES 



MiCHELA VARAGNOLO AND ErIC VASSEROT 



Abstract. We prove the existence of canonical bases in the i^-theory of quiver 
varieties. This existence was conjectured by Lusztig. 
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1. Introduction 



o 

^T . Lusztig proposed in [16] to construct a signed basis of the equivariant iiT-theory 

i-Q ' of a quiver variety. As in [14], this signed basis should be characterized by an 

d . involution and a metric. He suggested a formula for the involution and the metric 

and he conjectured the existence of the signed basis. This signed basis should 

also satisfy some positivity property, related, hopefully, to the positivity of the 

structural constants of the product and the coproduct of the modified quantum 

^^ . algebra in the canonical basis, for all simply laced types. The main purpose of this 

5-H ' paper is to give a precise definition of this signed basis and to prove its existence. 

It was conjectured in [24] that the X-theory of the quiver variety, with the action 

of the quantized enveloping algebra of afhne type defined in [20] (see also [23] for 

the type A case), is isomorphic to the 'maximal integrable module' introduced by 

Kashiwara in [8] . This module has a canonical basis, see Zoc. cit. The conjectures in 

[9, §13] suggest that Kashiwara's canonical basis and the geometric one are related, 

see Remark 7.2.2. 

We thank the referee for useful suggestions. 



Both authors are partially supported by EU grant # ERB FMRX-CT97-0100. 
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2. The algebra U 

2.1. Let g be a simple, simply laced, complex Lie algebra. Let {aij)i,jei be the 
Cartan matrix. The quantum loop algebra associated to q is the Q(g)-algebra U' 
generated by xj, k^^, k^ ^ = k^g (z G /, r e Z, s G ±N^) modulo the following 
defining relations 

kikj = 1 = kj ki, [kj^^^, kj- ,,gj = 0, 

k-v='=k^-^ — o='=°*3-x-='= 
(w-g±"^'z)k^^(w)xf (z) = (<7±"^'ii;-z)x±(z)k^^(w), 



(z - q±"-ii;)xf (z)x^H = ((7±''-z - u;)x=^(zi;)xf (z). 



Ky'X-s] =(5, 



to p— 



x=^ x± 



k+ k 

^,r+s i,r+s 



■ x± x± x± 



where i ^ j, in = 1 — a^, ri,...,rm G Z, and w G Sm 
.+q"-i if n > 0, [n]! = [n][n - 1]...[2], and 



gi-« ^ ^3-« 



We have set 



[p] ! [?7i — p] ! 



We have also set e = + or — , and 

k±(z) = ^k±±,zT^ x±(z)=^x±zT'-. 



r>0 



re2 



2.2. Put A = Z[g,(7^^]. Consider the A-subalgebra U C U' generated by the 
quantum divided powers (x^)^"^ — (x^)"/[n]!, the Cartan elements k^"'^, and the 
coefficients of the series 



s>0 s>l ^ ^ 



where the elements h.is are such that 

k±(z) = kf exp(±(g - g-i) ^ h,,±. 



.Ts 



Observe that U coincides with the A-subalgebra generated by the elements (ei)"/[n]!, 
(fi)"/[n]!, and k^ ^, i G / U {0}, where ei,ii,'k^ ^ are the Kac-Moody generators, 
see [3, Proposition 2.2 and 2.6]. 



CANONICAL BASES AND QUIVER VARIETIES 3 

2.3. Let A be the coproduct of U' defined in terms of the Kac-Moody generators 
as follows 

A(ej) ==e, ® l + ki®e,, A(fj) = f^ ® k^^ + 1 f,, A(k,) = ki®kj. 

Let r, tp, S be the anti-automorphisms of U' such that 

T{ei}^ii, r(fi)=ej, T(ki) = kr\ T{q)^q^'^, 

V'(ej) = gkifj, -(/"(fj) = gkr^e^, ipCki) = kj, ip{q) = q, 

S(e,) = -e,kr\ 5(f,) = -k,f„ 5(kO - kr^, 5(g) - 9. 

The map 5* is the antipode. Let x i~> x he the algebra automorphism of U' such 
that 

6i ^ e^ , ti ^ ti, Ki ^ Kj , q ^ q 

2.4. Let U' be the modified algebra of U', and let U be the corresponding A-form. 
Let ryA e U be the idempotent denoted by 1a in [13, §23.1]. 

3. The braid group 

3.1. Let P, Q, be the integral weight lattice, and the root lattice of g. Let uji, ai, 
2 G /, be the fundamental weights and the simple roots. Let (5+ C Q, P^ C P 
be the subsemigroups generated by the simple roots and the fundamental weights. 
We set p = "^i^j^i- Let a^, z S /, be the positive integers such that the element 
9 = X^iG/ '^*'^* ^ *5^ is the highest root. The integer c = 1 + '^- Ci is the Coxeter 
number of q. 

Let 5 be the smallest positive imaginary root of the corresponding affine root 
system. Recall that the affine root ao is (5 — 9. We set P = P ® "Ld. 

Let W be the Weyl group of g. Let Wq €Whe the longest element. The extended 
affine Weyl group is the semi-direct product W = W t< P. For any element w G W 
let l{w) be the length of w. Let Si G W, i E lU {0}, be the affine simple reflexions. 
The affine Weyl group is the normal subgroup W C W generated by the elements 
Si, i G I U {0}. Let F be the quotient group W/W. It is identified with a group of 
diagram automorphisms of the extended Dynkin diagram of q. In particular F acts 
on U, VF in the obvious way. 

Let Bw, By^ be the braid groups of TF^, W . The group By^ is generated by 
elements r«,, w G VF, with the relation T^Tw' = Tww' whenever l{ww') = ^(w) 4- 
l{w'). The group Bw is the subgroup generated by the elements T^, w G W. For 
simplicity we set Ti — Tg. for any i G / U {0}, and 9i = T^. for any i G I. The 
group B^ acts on U by algebra automorphisms. Let Ti be the operator denoted 
by Tl\ in [13, §37.1.3]. Hi ^ j we have 



T,(f,) = f;(-i)^g^ff 'f,f(--^-^\ T,(f,) = -k-w 
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We have also Ti(kj) = kjkj "'^ for all i,j. 

For a future use, we introduce the following notations : 

- let a be the automorphism of i?^ such that a{Tw) — T^l-^ for all w G W; 

- for any a £ Q, let Uq, C U be the subset of the elements x such that k^ xk^^ = 
qia.a,)^ for aU i; 

- for any « G / let « G / be the unique element such that WQ^ai) — —af, 

- let (, ) : P X P ^ Qhe the pairing such that (w^, aj) ~ 5ij\ 

- for any a G Q wc set |ap = X]i('-^ij '^Y ■ 

3.2. Let ^Si-^Si^ ' ' ' ^ik be a reduced expression for the element uji G W . Set 

k 
1=1 

Lemma. We have (7^,0;^) — — c. 

Proof. Let A± C ®j£/ Ztti be the sets of positive and negative roots. Let A± C 
A + Z(5 be the sets of positive and negative affine roots. We put A = A+ U A_, 

A = A+ U A_ and k{uji) = A+ n cji(A_). Then, 

/3eA(w,) 
Recall that 

A+ = A+U |J(n(5 + A), A_ = A_ U |J (-n(5 + A), 

n>l n>l 

and that ^^(0;) = a — {uji, a)5 for all affine root a. Thus, 

A(a;i) — {a — (n — ai)(5 | a G A_, ai > n> 0}, 
where we set Cj = — (i-^i, «)• Thus, 

7i = E "»("^ 2^'^''' 

aeA_ 

Let K be the Killing form. We get 

ini,ai) = -EaeA+C'^i'") • ("«'") 
= -K(ti;i,Q;j)/2 
= c, 

see [6, Exercice 6.2]. D 

We fix the Drinfeld generators of U in such a way that 

(3.2.1) x-=o[0[(f,), x+=o[0r(e.), 

where Oi = ±1 and Oi + o ^ = if a^ < 0, see [2, Definition 4.6]. Note that there 
is exactly two choices for the map i <—>■ Oi. A case- by-case computation shows that 
the integer OiOi does not depend on i : it is equal to (—1)"^. 
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Proposition. 

(1) There are unique A-algebra automorphisms A, B : U ^ U such that 

A(x±) = -q^'^t B{^tr) - -x+k„ B(xr) = -kr^x^r. 

(2) We have r(x±) = x,^_^, r(k±) - k,?_^ 

(3) We have i^(^t) = g— r„„A(x±_ J, x± = g-T^„i?(xfJ. 

Proof. Claim 2 is known, sec [2]. Claim 1 is a consequence of the identities 3. 
Let us prove 3. Let T^, ^Ti be the automorphisms of the algebra U such that 
i^{Ti{x)) = 'l'Ti{il){x)),T,{x) = T,{x) for aU a; e U. By [13, §37] we have T, = Tl'_^. 
A case- by-case computation gives also ^Ti = T"_^. If a; e Ua, a S Q, we have 

TUi^) - (-g)-("'"*)i;-i(x) 

for all i, sec [13, §37]. Thus, 

^^e^ix) ^e,{x) 

= (-q)-(--f''^<j{9,){x) 
= (-q)("'^.)a(0,)(x), 

where Pi = Ui^ + Si^{ai^_^) + ■ ■ ■ + Si^ ■ ■ ■ Si.^{aiJ. Note that (a,7i) = -{a,f3i) 
since ji — —uji{Pi). The weight tOi beeing dominant we have T^gT^i = T^^.T^^, 
i.e. T^„0,T;^^ = cr(%)~^ Recall that 

Note that 0i(ki) — k^, see [2]. Using (3.2.1) we get 



Similarly we have 



(x+) = o[{-qra{e,r^{e,) 

- -or(-g)-r„„0[(k,rif,) 

= —q Twa\^i_ ^ir)- 

V'(x+) =o-{-q)--a{e,)-{q^^d^) 

The case of x~ is identical. D 

4. Reminder on quiver varieties 

4.1. Let the couple (J, iJ) denote the quiver such that J is the set of vertices, H 
is the set of arrows. If /i £ iJ let /i', h" G J be the incoming and the outcoming 
vertex of h. Let h denote the arrow opposite to h. We will consider the following 
cases : 

- n = (/, H) where / is as in 2.1 and H is such that there are 25ij — aij arrows 
from i to j for all i,j. Then, let fl C H be any set such that H — nui),. Let n^ 
(resp. hij) be the number of arrows in il (resp. fl) from i to j. Note that Uij — fiji. 

- Fix a set I^ with a bijection I^I^, i h^ i^. The quiver 11'^ — {P,H'^) is such 
that r = lUl^, H" = HU{i^i'^,i^ ^i\i el}. 
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4.2. Fix y - e^g, C"' , W^ = e^g, C'^ . 

Convention. Fix {rrii) E "L^ . Hereafter let ^,X,a denote elements in P, P+, (5+ 
respectively such that /i — ^^ rriiUJi, A = ^^ i'iWi, a = ^^ ajai. The dimension of 
the graded vector space V is identified with the root a while the dimension of W 
is identified with the weight A. 

The space 

is identified with the set of representations of the quiver fl"^ on y © W. For any 
{B,p,q) G M\a let Bh be the component of the element B € iioin{Vh",Vh') and 
set 

mxa{B,p,q)= ^ e(h)BhBj^ + pq (E ^liom{V^,V^), 

heH i 

where e is a function e : H ^ C^ such that e{h) + £{h) — 0. Put G\ — Yli GLi., 
Ga = Hi GLa;. The group C^ x Ga x G^ acts on Mxa by 

{z,g\,ga) ■ {B,p,q) = {zgaBg-^^ , zgapg^^ , zgxqQa^). 
Following [19] , we consider the varieties 

Qt'=Proj(e„>oA(r^) and iV^. - m;^^(0)//G„, 

where // is the categorical quotient, 

A(f) = {/ e C[mllm I /(g„ • (B,p,g)) = XM(ffo)""/(B,P, ?)}, 

and Xii{9a) = YlP^^^igai)'^' ■ The obvious projection ttao : Q^'^^ -^ Nxa is a 
projective map. If /x, /i' are such that rrii, rn^ > for all i, or to^, m^ < for all i, 

then the varieties QXa ' QaI ^^"^ canonically isomorphic. There is an open subset 
TO^2(0)'^^ C m~^l^(0) whose points are called /i-semistable, such that there is a good 
quotient of m-Aal'^) ^y ^^"^ group Ga and we have 

(4.2.1) m-„i(0)(^)//G„=Qi';.\ 

see [18, §1.7] for instance. Moreover, if /x is a regular weight then (4.2.1) is a 
geometric quotient and the variety Q^^ is smooth, see [21, Proposition 2.6]. If ^i is 
regular dominant, i.e. if m^ > for all i, we set Q\a ~ Q\a- 

Convention. Hereafter, we assume that (/i, a) ^ for any root a. 

4.3. Put dAa = dimQAa- It is known that c^Aa = (ct, 2A— a). If a > /3 the extension 
by zero of representations of the quiver gives a closed embedding N\p ^^ N\a. For 
any a, a', we consider the fiber product 

^Xaa' — ^ \a X tt ^ Xa' • 
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li a' ~ a + nui, n > 0, let X\aa' C Z\aa' be the set of pairs (x, x') which are the 
Ga-orbits of Il'^-niodules y,y' in M\a, Mx^i with y a subrepresentation of y'. If 
a' = a — nai, put Xxaa' = '/'(^Aa'a) C Z\aa', wheic (f> is the automorphism of 
Q\ X Qa taking an element {x,y) to {y,x). The variety X^aa' is smooth, sec [20, 
§5.3]. Consider the following varieties 

N\ — \^N\a, Q\ — |_jQAa, ^^ = LJ ■^^""'' -^^^ ^ \_\ -^^aa', F\ — | | f Act , 
a a a, a' a. a' a 

where a, a' take all the possible values in Q~^ and F\q = ^a« (0)- 

4.4. For any complex algebraic linear group G, and any quasi-projective G- variety 
X let K'^(X) be the Grothendieck group of G-equivariant coherent sheaves on X. 
We put R'^ = K'-' {point). Let X"^ C R'^ be the set of the simple modules. If the 
G-equivariant sheaf £ is locally free, let A^£ is its i-th wedge power, and /\g be its 
maximal wedge power. Note that /\g is still defined, in the obvious way, whenever 
£" is a G-equivariant complex on X. 

Convention. Hereafter, let J*,/*,®, denote the derived functors Rf^.,Lf* j®'" 
when they exist. Here ^ is the tensor product of coherent sheaves. We use the 
same notation for a sheaf and its class in the Grothendieck group. 

4.5. Set G\ = G\ x C^. Let q denote also the character of the group C^ such 
that z H^ z. The canonical bundle of the variety Q\a is 



(4.5.1) ^Q.^^q 



-dx 



see [24, §6.4] for instance. Let Vi, Wi be the vectorial representations of the groups 
GLa;, GL^. . Consider the following elements in R<3axg„ 

F+ ^q-^W,-q-^V, + q-^ ^ Vj, F' = -V„ F, = F+ + F' . 

The group G\ acts on the variety Q}!^- If -B is a Ga x Ga-module, let E^^^^ = 
771^2(0)*^^'' XGc, E he the induced GA-bundle on Qj^'^ . There is a unique ring homo- 
morphism 

such that E i— > E^'^'> for all E. If fi is dominant we set Vi — V^ and similarly for 
W„ J^f, T,. We set also V = ©, V„ W = ©, W,. 

Convention. The restriction to Q-^l, of a sheaf E on Q^^' is denoted by £a. For 
simplicity we set J-^a — {^i)on etc. 

4.6. Consider the map 

t : Mxc^^Mxc., {B,p,q)^{B,p,q)^ = {-e*B,-*q,*p), 

where the upperscript t stands for the transpose map. Note that f does not commute 
to the action of the group Gx x Gq,. Let f be the group automorphism of Gx x Ga 
such that 

t : {z-,g\,ga) i~> {z,gx,9a)^ = (z, *g;^\ *g^^). 
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Then {g • x)'^ — gf ■ x"^ for all g ^ G\ xGa, x ^ M\a- The induced map f : Q)^'^^ -^ 
Q\J^ is an isomorphism of algebraic varieties. Let 

t : rGxxG„ ^ rGaxG„^ E^E'^ 

be the ring automorphism induced by the group automorphism f . For any element 
E e R'5^^'^°, let (£;(''))t e K.^>-{Q^^l) be the pull-back of S^"^) e K<^^(g^~^^) 
by the automorphism f . We have 

(4.6.1) (£;(^))t = (St)(M). 

For any w £ W we set w * a — \ — w{X) + w{a). The element w * a depends 
on the weight A. However, since A is fixed in the whole paper the notation w * a 
should not make any confusion. There is a GA-equivariant isomorphism of algebraic 
varieties S^ ■ Q^a ^ Q\w*a f^'' ^^ch w, such that 

Sf = 1 and Sww' = SwSw' if l{ww') = l{w) + l{w'), 

see [15], [18], [21] (for simplicity we set Si = Ss^, where Si is the simple reflexion 
with respect to the root ai). The precise definition of S^ is given in the proof of 
Lemma 4.6. Consider the composed map uj — Swo t • This choice is motivated by 
[16] and [21, Theorem 11.7]. The map lu is an isomorphism of algebraic varieties 

Lemma. 

(1) We have uj*{Ti) = -q^TJ, lu*{W,) = W} and 

J2K]{^*iVj) + q^V]) = Wj + q^WJ. 
J 

(2) We have lo^ ^ Id . 

(3) We have uj{Fxa) = -FA,«)o*a- 

Proof. We use the construction of the operator Sw given in [18], see also [15]. Let 
us recall it briefly. Set a' = Si * a, fi' — Si{fi), jjl' — ^^ m'^uji. Let first assume that 
mi < 0. Then m[ > 0. Following [15, §3.2], let 

Zf cm-„i(0)(^)xm-i,(0)(^') 

be the set of pairs {x,x'), where x ~ {B,p,q), x' ~ {B',p',q') are such that 
- the sequence of G\ x Ga-modules 



0^q-'Vr-^q-'W.®q-' V.^V.^O 



such that a{x') = {q[,B'f^), b{x) = Pi + ej^Bh is exact, 

- we have a{x)b{x) — a{x')h{x') = 0, 

- we have Bh = B'j^ if h' .,h" ^ i, and pj = p'-, qj = q', if j ^ 
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Note that a(x') is injective and b{x) is surjective, see [18, Lemma 38]. Thus Z^ 
is a closed subset of m'^^{0)^^^^ x '>n^^,{0)^^^ \ Consider the group Gaa' = GLa^ x 
GLa'. X Y\jj,i GLaj ■ The categorical quotient 

Qi = ^i //Gaa', 

is a smooth variety. Moreover, the obvious projections are isomorphisms of algebraic 
varieties 

fl,a ■ ^i ^Xa ' P2,a' ■ ^i ^ Xa' ' 



see [18, Proposition 40]. The group Gx acts in the obvious way on Q^, making the 
maps Pil, P2a' equivariant. By construction, for any i ^ j we have 

(4.6.2) 

We set (recall that to^ < 0) 

•^i — P2a' \Pla ) ■ ^Xa ^ ^ Xa' ' 

If mi > we set 

•Ji — Pla' \P2a ) ■ ^Xa ^ ^ Xa' ' 

Using (4.6.2) we get, if rrii < and i ^ j, 

Note that the map Si commutes to the action of the group Gx- Thus, 

for all j. Set Ei = +1 if rrii > 0, Ej = —1 if nii < 0. A case-by-case analysis gives 
the following equalities in K*^^ (Qa ) 

S:iFy^)^lFJ^'^ if a.,=0 

[FJ^'^+q^'F^^ if a,, =-1. 

The general formula is 

(4.6.3) S:{FJy=FJ^'^-q^^[a,,]Fy\ 

We now assume that the weight /j, is dominant. Thus, F = Tj. Fix an element 
w in the Weyl group. Let us prove that 

(4.6.4) wia,) = a, ^ S*JT,) ^ q<^A fI--'^^^\ 
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where 

«("'>») =2 X! {ai.af. 

We may assume that l{w) > and that (4.6.4) holds for any x with l{x) < l{w). Fix 
fee/ such that w{ak) G —Q^- Let (si, Sk) be the subgroup generated by Si, Sk- Let 
X be the clement of minimal length in the set w{si, Sk)- Then, x{ai),x{ak) G Q^- 
One of the following two cases holds, see [12, Proof of Proposition 1.8]. 

- Either aik — 0, w — xsk, l{w) — l{x) + 1. Then, x{ai) ~ aj. Using (4.6.4) for 
X, and (4.6.3), we get 

SU^j) = (7"("'*)5^(^(""'(^») = q'^i^'^lp^^l 
Using the identity 

A+ n u;"^A_ = Sfc(A+ n x"^A_) U {uk} 

we get also a{w,i) — a{x,i). Thus (4.6.4) holds. 

- Either aik — —1, w — xSi-Sk, l{w) — l{x) + 2. Then, x(ak) — aj. Using (4.6.4) 
for X we get 

We are reduced to the A2 case. Set u = x^^{fi). We have w^^{^) = SkSi{v) < 
Si{v) < v. Pl direct computation using (4.6.3) gives 

Using the identity 

A+ n w^^A- = SfeS»(A+ n x^^A-) U {ak, a^ + afc} 

we get also a(w, i) — a{x, k) + 1. Thus (4.6.4) holds. 

Setting w, i,j -^ woSi, i, i in (4.6.4) and using the formula for S* , we get 5*^^^ (JTj) = 

(4.6.5) W*(J-,) = _^'^(™os.,l)+2_^t^ 

see (4.6.1). Moreover we have, see 3.2, 

a{woS^_, i) = i EaeA+\{a^} ("i' ")^ 

= jK{at,ai) -2 
= c-2. 

By definition we have qTi = Wi — '^ji'iijjVj- Using (4.6.1), (4.6.5) and the 
equality aij ~ ajj we get the identity 

^[a.,]c.*(V,) = W/ + q^Wl - g<= 5][a,,]VJ. 
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Claim 1 is proved. 

From the definition of the operator Si we get \Si — Si^ for aU i. Claim 2 follows 
immediately. 

We now prove Claim 3. Using Claim 2 it is sufficient to prove that uj{F\a) Q 
F\^wo*a- Assume that a' ~ Si* a, ^' = Si{p,) as above. It is sufficient to prove that 

'^i('^\a) — ^Xa' ■ ^y [10i§l-3] the ring of Ga-invariant polynomials on m^^{0) is 
generated by the following two types of functions : 

(i) try. {BhiBh2 ■ ■ ■ Bh„) for any sequence hi,h2, ■■■,hn G H such that j = h[, 

(ii) (p{qjBfij^Bh2 ■ ■ ■ Bh^Pk) for any sequence ft.1,/12, ■■■^hn S H such that j = 
h[, h'{ — h'2,---, h'^-i = h'^, h'^ = k, and any linear form f on Hom (1^^,14^^). 

We may assume that mi < 0. Fix an element {x,x') in Z^. Set x — {Bh,Pj,qj), 
x' = [B'f^ , p[: ,q',j). In particular we have 

Bh = B'^ if h', h" ^ I- Bh,Bh2 - B'^^B'^^ if h'l = h'2 = i. 

Thus any function of type (i) coincide on x and x' . We have also 

* = 9i' P3 = P'] if j 7^ «; (liPi = (i'iP'i\ 

q^Bh = q[B'f^ if h' = i; BhP^ = B'^^p[ if h" = i. 

Thus any function of type (m) coincide on x and x' . In particular x G F^^ iff 
x' G FJ^?. We are done. D 

Remark. The dual of the GA-bundle £;(^) on Q^^^ is (£;*)(^), where E* is the 
dual module, obtained by composing the GA-action by the group automorphism 
{z,gx,ga) *-^ {z^^,^g^^,*g^^). Note that, in the particular case where E = Vi, Wi 
we have v} = V*, w/ = W*. 

Convention. Put \\o, = Op^^, ^'xa = ^Qxa- ^f i'' convenient to set also 1a = Iao, 
1^ = l^Q. To simplify the notations we put ly = wq * 0. 

5. The involution on the convolution algebra 

5.1. Given smooth quasi-projective G- varieties Xi, X2, X3, consider the projection 
Pab '■ Xi X X2 X X3 -^ Xa X Xb for all 1 < a, 5 < 3, a 7^ 6. Fix closed subvarieties 
Zab C Xa X Xb such that the restriction of pia to p^2 ^12 H P23 -^23 is proper and 
maps to Z13. The convolution product is the map 

* : K«(Zi2) X K«(Z23) ^ K«(Zi3), {£ , :F) ^ P13 * {(phS) ® iph^))- 

If Z12 = ^23 = "^13 = ^, the map * endows K'^(Z) with the structure of an 
R'^-algebra. See [4] for more details. 
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5.2. Let Dx„ be the Serre-Grothendieck duality operator on K.'~^{Xa)- Assume 
that Xa is connected. Let ilx^ be the canonical bundle of Xa, and let Ox^ be the 
structural sheaf. We have 

for any G-equivariant locally free sheaf £ on Xa- Assume that there is a character 
q of the group G such that flx^ — g"*^™^" for all a. Consider the operator 
Dz^^ = q'^'^''Dza^, where dab = {dimXa +dim A't)/2. Recall that the automorphism 
(f) : Xa X Xb ^> Xf, X Xa is the flip. 

Lemma. Fix x G K.^{Zi2), y G K.^{Z23). 

(1) 4>*{x^v) = 0*(y)*0*(x), Dz,,{x)^Dz,M = Dz^,{x*y), (t>*Dz^, = Dz,J*. 

(2) If Z 12 = Z23. = Z\ then (cu x uj)*{x) -* (lu x a;)*(j/) = {lo x uj)*{xi^y). 

(3) If Z12 = Zx, Z2Z = Q\ or Fx then {uj x lo)* (x) -* uj* (y) == uj*{x^y). 

See [14] for more details. 

5.3. We consider the maps 7a, 7^, La, Ca on K'^^(Fa), K^>-{Qx), K^'-iZx) such 
that 

7A = e„ q^'-/^LO*BF,^ , 7a = ©a g3''^"/'cO*©Q,„ , 

Ta = ©„,a' (^ X coYDz,^^, , Ca = (c^ X c^)*0* 
(see Lemma 4.6.3 for 7a). Let 

be the ring automorphism induced by the group automorphism Gx —>■ Gx, {z, gx) <—>■ 
{z~^,gx)- By Lemma 4.6.1 the operators to*, Ca are f-scmilinear automorphisms 
of R*^^ -modules, and 7a, 7a, La are "-semilinear. Let k : Fx ^^ Qx he the closed 
embedding. 

Lemma. The following identities hold : 

(1) OJ*^F^ = ^F^OJ*, W*Dq^ ^ ^Q^^*, {'^ X Uj)*Oz^ - ^zA^ X OJ)*, 

(2) K^^LO* = LU*K^, (lU X Uj)*(l)* ~ (J)*{lJ X Uj)* , (k* X K.sr)(j>* ~ 4>* {n* X K,), 

(3) 7a(w*x) =rA(M)*7A(a:), for any x (^K.^AF\), u £ K^>-{Zx), 

(4) j'xi^^x) = q''-^-''-^'Tx{u)^ix{x)Jor any X G K.^AQxc'). u G K.^ ^Z Xcc') ■ 

5.4. Let Axaa' be the quotient of the R'^^-module 'KP^{Zxaa') by its torsion 
submodule. We set Aa = ®qq,' Aaoq'. Setting Z12 — Z23, — Zx in 5.1, we get 

an associative product on the space Aa- The rings R*' , A are identified as in 4.5. 
An A-algebra homomorphism $a : U ^ Aa is given in [20]. In this subsection 
we fix a particular normalization for $a- Let 5 : Qx ^^ Qx x Qx be the diagonal 
embedding, and let p,p' : Qx x Qx -^ Qx be the first and the second projection. 
Let fi-a, f^^, Vi-a be the ranks of JT^.^, T^^, Vi-a- We have 

fi:a = {ai,X- a), /j7„ = -Vi;a = -i^i,a)- 
Set ta = (a, 2A - a)/2 + \a\'^, and 

rL == (A, a,) - (u>, - ^ - n,jujj,a) , r"^ == - (w, - J2, n.jUj.a) . 
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Let Ixaa' G Aa be the class of the structural sheaf of X\aa' ■ For any r e Z we put 

Oi'—a-\-ai 

Xir^'l^'-"^' E (-ir-'('?-'AvKAvT^-'®P'*A^^®Al^'"*°®lAo.'. 

a.' ^OL — cxi 

Let also A:^ {z) be the expansion at z = oo or of 

a 

The map $a takes x^ to xf^., and k^ to k^. For a future use, let us mention the 
following. 

Lemma. For any n > we have 

(x+)(") = ± E ('^""Av' ^ Av)^^°' ^p'*A;+ ^ A^'"*° ® lAa«', 
a'— a+ncKi 

and similarly for (a;^)'"'. 

Proof. By the same argument as in [20, §11.1-3] it is enough to check this relation 
for type Ai. In this case, using the faithful representation introduced in [22] the 
formula follows from a direct computation : the formula for the action of the 
operator (x^)*^"' may be found in [20, Lemma 12.1.1], its relation with the identity 
above is proved as in [22]. D 

Convention. Hereafter we may omit the maps S^,,p* ,p'* , 0, hoping that it makes 
no confusion. 

5.5. Let Hx C G\ be any closed subgroup. Set H\ = H\ x C^. For simplicity 
we set Wh„„ = K^H-F^Aa), W^^ „ = K^MQao), W^, = ©aWff,,„, W^^ = 
©aW^^^. Taking Z^ = Zx, X3 == {point}, and Z13 = Z23 = Qx or Fx in 5.1 we 
get a left U- action on the R^^ -modules W//^, W^ such that 

(u, x) 1-^ u ■ X = <i>A(w) * X. 

Taking Z23 = Zx, Xi — {point], and Z12 = Z13 — Qx or Fx we get a right U-action 
on Wff^, W^ such that x ■u = x*$a(m) = (/>*$a(w)*x, see Lemma 5.2. We fix 
a maximal torus T\ C Ga- 

Lemma. 

(1) The ti^^ -modules W/f^, ^'h '^^^ /^"^^ of finite type, and we have W//^ = 
Wg^ <8)R;^ R-^^, W^ — Wq ®r^ R-^^. Moreover, there is a canonical 
action of the Weyl group of Gx on 'Wtx , W^ such that the forgetful map 
identifies 'Wq^ , Wq with the subspaces of invariant elements in Wy^ , 

(2) We have Wh^ = U • (R^^ ® U). 

(3) We have Wq^ = U • U. 
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Proof. Claim 1 is proved in [20, Theorem 7.3.5]. See also [4, Chapter 5]. Claim 
2 is proved as in [20, Proposition 12.3.2]. Let us prove that, if H\ = G\, then 
R*^^ (3 1^ e U • 1a. By construction \i.^{z) ■ Ix is the expansion of 

in R'^^[[z^-'^]]. Thus, the elements pi.s £ R'^'"** are the elementary symmetric 
polynomials or zero. Claim 3 follows. D 

Convention. Although most of our constructions are meaningful for any closed 
subgroup H\ C Gx , hereafter H\ will be either Gx or Tx ■ For simplicity, if Hx = Gx 
we put Wa = Wg,, W^ = W^^, Ra = R^\ Xa - X^a. 

5.6. The same construction as in 5.5 yields also a left and a right action of Aa on 
W/f^, W^ . Since W/^^, W^ are integrable left U-modules, they admit a left 

R^A -linear action of the group Bw- We normalize this action in such a way that 
the element Ti € Bw acts as the operator T/\ in [13, §5.2.1]. Similarly let T^ be 
the left action of the element T^ S Bw associated to the right U-action. 

Proposition. 

(1) There is a unique action of the group Bw on Ax by R^'' -algebra automor- 
phisms such that 

T^{x^y)=T^{x)^T^{y), \^xeAx,yeWH, orW^,, w e W. 

(2) We have T^$a — ^xTw, and Twiy * x) — T^iy) i^ cr{Tw){x) for any x,y as 
above. 

(3) There is an invertible element rx G R^^ such that 71„j,(l^j^) = rx <E) I'x, 
T^o,ilx^)^rx(^lx■ 

(4) There is an invertible element sx G R^^ such that T^„(l^) — sx (E) I'a^, 
71„o(1a) =sa® 1a^. 

(5) There is an invertible element •& E A such that rx Ixv = "i? ® Avv '^ 
®iNvTr ■ Moreover rxsx = {-q^P^''^ and ^ = ±ql^lV2+c(A,A)/2^ 

Proof. Let us prove Claim 1. We fix elements i € I, X € P"*". Let U^ C U' be the 
subalgebra generated by e^, f^, k^ . The proof uses an element r/ introduced in 
[17]. The element r/ belongs to a ring completion of U^, is invertible, and satisfies 
the following identity 

T^-x-rr'^TU^), VxeU. 

Let us recall the construction of t/, following [5]. 

For any Q(g)-vector space V we set V* = HomQ(,)(y, Q(gf)). Let RJ C UJ* 
be the Q(g)-space spanned by the matrix elements of the finite dimensional UJ- 
modules. It is a Hopf algebra. Let ^ xq^xi denote the image of the element a; G R^ 
by the coproduct. The space R^* is a ring such that (/ • g){x) = ^ /(a;o) 5(2:1) for 
all a; G R^. The canonical map U^ — > R^* is a ring homomorphism. An integrable 
U'-module V restricts to an integrable UJ-module via the canonical embedding 
UJ C U'. It is also a R^-comodule for the co-action V ^ H'^ (E) V , v 1-^ ^ vi (E) V2 
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such that X • V ~ ^wi(x)w2 for aU x G U^. Therefore the ring R^* acts on V 
by f ■ V — X]/(^i)^2- This action restricts to the original U^-action via the map 
U^ -^ Tl'*. Let Ti G R^* be the element denoted by t in [5, §1.6]. It is invertible. 
Let ti be the operator on V taking f to t^ ■ v. It is invertible and the inverse takes 
V to Tj^^ • V. We have 

U{v) = Tl[^M. Uxt-\v) = n[_^{x) ■ V, 

for all a; G U' and w G y, by [5, §2]. Therefore 

where we take the product in the ring R^* in the left hand side. 

For any n G N let Ai(n) be the simple UJ-module with highest weight nuji. Let 
R^„ C R^ be the subspace spanned by matrix elements of the module ©„/<„ Ai(n'). 
It is a subcoalgebra. Let I^„ C U^ be the annihilator of 0„/<„ Ai(n'). It is a two- 
sided ideal. The canonical map U^ — > R^ factorizes through an isomorphism 
Ui/Ii„ —^ (R-in)*- Since Rj — hm R^„, we get a Q((7)-algebra isomorphism 

hm (U^/I^J^Rf. 

^ n 

For each n we choose Tin G U^ such that 

T»„-Tj Glim (I^„/I^„,)- 

Since U^ embeds in U', the space A a ®a Ql?) is a U^ (X)a R^^-bimodule of finite 
type over R-^^ (g)A Q(9). In particular there is an integer n such that the ideal I^„ 
acts trivially on Aa ®k Q(<z). Fix such an integer n. Then the operator T"_^ acts 
on Aa^aQI?) via the conjugation by the element ^x{Tin) € AaOaQI?). Moreover, 
the formulas in [5, §2] imply that the left and right product by ^\{Tin), ^\{Tin^'^) 
preserves the subspace Aa C Aa ®a QC?)- 

Recall that Ti acts as Lusztig's operator Tl\. The element r/ yielding the action 
of Tl\ on Aa can be constructed as Ti , using the identity 

n[,{x)^{-q)(---^\n[_,)-\x) 

for any x G U^, see [13, §37.2.4]. 

Recall that N\ is a cone over the point equal to the class of the trivial rep- 
resentation, and that the fixed points subset [Nxf^ is reduced to {0}. Hence 
A\ ®A Q(<z) coincides with the tensor product (Wq^ ®r<5a '^Gx) ®tk Ql?) by the 
Kunneth isomorphism, see [4, 5.6] and [20, §7]. Since A\ is torsion free over A, it 
embeds in A\ ^a Ql?). Then, a standard argument implies that W^^ is a faithful 
AA-module, see [4, §5] for more details. For the same reason W^ is also a faithful 
AA-module. The unicity in Claim 1 follows. 

Claim 2 is obvious from the previous construction. Claims 3,4 are obvious either 
since T^^ is an invertible R^^ -linear homomorphism from W^ q to W^ ^, and 
both R^^ -modules are free of rank one, generated by 1'^^, I'y^^ respectively. 
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Let US prove Claim 5. Part two of the claim follows from [11, 5.4. (a) and 
Corollary 5.9] (note that the formula for s' in [11, 5.4. (a)] should be replaced by 
s' = ^j aijtitj/2 — '^iti{l + di)). Let us prove Part one. Consider an element 
w E W such that l{w) > 0. Fix i <E I such that lisiw) — l{w) — 1. Put w' = SiW. 
Set a' = w' * v, a — w * v, n — (wwo(A), a^). Thus n > and a = a' — nai. We 
have 

T.(lAo')-e(")(lLO, 

see [11, Lemma 5.6]. Let r^ G R^^ be the unique clement such that Tw{Vy^^) = 
rw^'xa- The varieties Q\a^ Q\a' are reduced to a point. Thus, using Lemma 5.4 we 
get 

T^(1^J = ±(g-"Av:Av„,)^'^°'A^"^, K^-'-{r^' 1'aJ- 

The classes of the -ff a -equi variant sheaves Vi-,cnVi;a' tJ^^^' ^^^ identified with ele- 
ments of R^-^ in the obvious way. Let first assume that we have 

(5-6.1) A^+^, = Av.;. e R^\ 

Then 

r„ = ztq^Av,''!',"' Avi;lAw'~ "^"''' ■^h*^'^^ s = (a' - a,uji){a\uji). 

By induction on l{w) we get 

(5.6.2) r.e±,^A;^-*°nAv:rA;^:. 

3 

Setting w = uiQ in (5.6.2) we get r\ = i^AvvriiAv'^ "' '^^^^ '^ ^ ±q^- A direct 
computation gives d G ±g*, where 

t ^|HV2 + E„eA+(A,")V2 
= |j.|V2 + c(A,A)/2, 

see [6, Exercice 6.2]. 

Finally, we prove (5.6.1). We have an isomorphism of GA-varieties Q^a ~* QxJ ^ 
see the proof of Lemma 4.6 and the notations therein. This isomorphism takes 
Vj^ to (-Fj^)*^^ ■*. Assume that ^ is regular dominant, so that Q^a = Q>^a and 
V^ — Vi;a- Since the G^-variety Q\a' is reduced to a point, it is canonicaly 
isomorphic to Q^J , and the isomorphism takes J^^^, to {F^)^f^ \ D 

5.7. For each i, a we consider the elements 

9^;c. = -1 + (c - l)/+„„,„ + /+„ - c/^^^^„ e Z, 

f^i-.a ^i;wQ^a ' ^X.wo'i=a — ai,wo^a i '^i-^Q, G luj A/Li. 

Convention. The elements r^.^ depend on the choice of the orientation fi. Here- 
after we assume that n^ = n.-^ for all z, j if c is even, and n^ == fiij for all i, j if 
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c is odd (i.e. if g is of type A2n)- The existence of such an orientation is checked 
case-by-case. 

Using the convention above, a direct computation gives 

for aU i, j. Thus there are unique quadratic maps x : Q ^ Z, y : Q ^ Z/2Z such 
that 

x{v) = (c - l)|i^P - c(A, A), x{a + ai) - x{a) = cvi.,^, - g^-a, 

(5.7.1) 

j/(i/) = 0, y{a + ai) - y{a) ^ hi-a, 

for all a, i. Put £,{a) = q''^°'\ g{a) = (-1)2'("), t„„/ = i^„*a' - ta' - t^^^^a + ta- 
Consider the element 

CAa = e(a)C(«)?-'^l"l' Aw ® Oi (AS: ® Av.„«..V*„„. J ® ^A € Wi,^^„. 
Put CA = Z^aCAa- 

Lemma. 

(1) If a' = a — aj then the restriction of c^ K c\ to X\aa' "is 

(2) We have uj*{cxa) = CA,u.o*a7 cxi, = ''a ^ ® ^Ai.- 
Proof. Fix a, a' such that a' = a — aj. For any i we consider the following elements 

u, = q'^^^vD + v., ci = (g), A,cv.«„.vr 

The rank oiUi-a is fi;a + Wi;u>o*a = Vi-,y. From Lemma 4.6.1 we have 

The quantum Cartan matrix (i.e. the / x /-matrix whose (i, j)-th entry is [fly]) is 
invertible over Q{q). Thus, for any a, a' , i we get 

(5.7.2) (lAa KZ^,;„Ok._. = H:» ^ lAa')k,_, ^ K^^^Aaa')- 

We have c^ — 0^ Av*®w ^^'^ -^r = ^"'^«- Thus, using (5.7.2) we get 

(c-^Hc',)U_, = (Av„ ^Av^^P-Uw ®p'*A^-+,c^.^-- 

Note that 

CAa = ^{a)g{a)rx ® c'^„ ® 0^ A^-c/2v,^„ ® Aw • 



in W' 

-Ha 
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Thus Claim 1 follows, using (5.7.1) and the identity Vj-i, ~ f^^, + fj'.^ ^^, . Let us 
prove Claim 2. By definition of c^ we have (jj*(c^^) = c^ ^ ^^ and c^q = 1^. Thus, 
using Proposition 5.6.4 we get 

CA. = ^-^rx ® Aw ''^ ® ®^ Av!:: - '^A ' ® I'a.- 

Since Qai/ is a point, we identify the equivariant sheaf /\y, with an element in 
R"^^ in the obvious way. Using (5.7.2) we get 

Thus, uj*{rx) = ^^q-^^^^^r^^ and 

^* (^A ® Aw'' ® ®^ Ar-c/^V., J = ^''/-'"^'''^'^A ' ®Kw®®^ K^^^.'V.,^ 

= r-A®Aw^®0^A'-c;2v^^„„.„- 

A direct computation (see the Appendix) shows that ^{a) — ^{wq * a), g{a) = 
p(wo * a) for all a. We are done. D 

Let C\ be the RA-linear automorphism of A;^ such that 

Ca(x)=x(8)(caKc-^). 

Proposition. 

(1) The map CaFa is an algebra involution of A\ such that C\T\{q) ~ q~^, 

c\r^{xt)^q--xl. 

(2) The map C\C\ is an algebra anti-involution of A\ such that C\C\{q) ~ q, 

Proof. The variety Xxa^i is smooth of dimension d\aa' '■— {d\a + d\a')/2. Let 
^\aa' be its canonical bundle. If a' = a + at, using (4.5.1), Lemma 4.6.1 and 
Remark 4.6 we get 






(5.7.3) OA„«'=g/-'-'^-'(g-iAv>Av„,)^'^°'®P'*A 

{5.7 A) dxaa' - dxa' + fi-a' = -1, 

(5.7.5) [CO X coy (Av,^„ ^ Avt. ) = '^'Av,^^^.^ ^ Av^„„.„, ■ 

Using (5.7.3-4) we get 

DzAxtr)^ 

- E (-l)'^*-'+'^°°'9'''=-''+'-"'('?-'Av' ^ Av)"''"^'^"' ®P'*A^+ ® Aw"*°' ® f^Aoa' 

a.' ^a.-^a.i 

= E (-1)''*-'^'^""'9'''=-'-'(9-'Av'KAv)"'"+^^°' 55p'*A^- ® Aw"*°' ®lAoa'. 



a' ^a-f-OLi 



CANONICAL BASES AND QUIVER VARIETIES 19 



Thus, using (5.7.5) we get 

rA(x+) = 



a^ ^a — ai 



»Aw'®p'*A^-+gc^.^-', 

where e^-a' = Tt,wo*a' + <^A,«)o*a,«>o*a'7 and gi-^, hi-a are as at the beginning of 5.7. 
Using Lemma 5.7.1 we get 

Using Lemma 5.2.1 and Lemma 5.3.1-2 wc get 

Ca = Tx4>*Dz, = 4>*Dz^Tx, Cx(t>*Dz^ = 4>*Dz^Cx. 

Thus, (CaFa)^ = (CaCa)^ Using Lemma 5.7.2 we get 

(5.7.6) (CArA)' = (CACA)' = Id. 

Thus, CArA(a;j^) = q'^'x'l^. either. Recah that (t>*Dz^^x = $at, see [24, Lemma 
6.5]. Then Claim 2 foUows from Proposition 3.2.2 and (5.7.6). D 

5.8. Let j4a, Ba '■ ^\ ^ Aa be the RA-algcbra automorphisms such that 

Ax{x) = (-(7)('''"-"')a;, Bx{x) = (_q)(P:"-«')^("'-«,2A-a'-a)/2^^ 

for any element x £ A-xaa' ■ Then 

(5.8.1) ^xA^Ax<^x, ^xB = Bx^x- 

We consider the automorphisms (3z^ , ipZx of the ring Aa such that 

(5.8.2) Pz.^T^oBxCxTx, ^z^ ^T^AxCxCx- 
Corollary. 

(1) The map j3zx is '-semilinear, the map ipZx is \-sem,ilinear. Moreover, we 
have /3| — il>% —Id. 

(2) For any u G U we have $a(S) = Pzx^\{u), $a^(w) — ipZx^\{u). 

Proof. From Proposition 5.7.2 the map CaCa is an antihomomorphism of Aa such 
that q h^ q, x-q h^ x^q for all i. Thus, using [13, §37] we get 

(5.8.3) ^aCaCa = CaCa^a, T-wo^x =^a7u.o: Two^xCx — CxCxT~g . 
Thus "ipZx is an idempotent. From Proposition 5.7.1 and [13, §37] we get also 

(5.8.4) -BaC'aFaT'ujq ~ CxTxTwgB^ , T^o^'aFa = CaFaT„;„ . 

Thus (3zx is an idempotent. Claim 2 is immediate. D 
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6. The metric and the involution on standard modules 

6.1. Set flAa = {-q)}''-°'\ bxa = (-g)(p."-2A)^-dA„/2^ L^l- ^^^ ^^ Yic the auto- 
morphisms of the R^^-m.odule Wjf^ (resp. of W^ ) such that a\{x) = a\o,x^ 
b\{x) — b\aX for any element x G W^a (resp. x G W^^). Using (5.8.1) we get 

b\{u ■ x) — B{u) ■ b\{x), a\{u ■ x) = A{u) ■ a\{x). 

Let /?A, P'x be the automorphisms of W//^, W^ respectively such that 

Px = T^o^acaTa, (i'x = T^ob\c\j'x- 

Proposition. 

(1) We have (i\{u -k x) = fizx (") * P\{^) for any u G Aa, x G W/f^ . 

(2) We have P'^iu -k x) = q^^--'^>-''' PzA^) * I3'x{x), for any u G K"^{Zxao,'), 

(3) The maps (3\, /3^ are ~-semilinear. Moreover we have 0^ — Id, /3^ —Id. 

(4) We have /3a(1a) = Ix, (i'xi^'x) = I'a- 

Proof. Claim 1 follows from Lemma 5.3.3. Claim 2 follows from Lemma 5.3.4. 
Claim 3 follows from Corollary 5.8.1 and the equality Fxa = Z\aO- Using Lemma 
5.7.2 we get 

7a(1a) = 1a.., 7a(1a) = IL, bx^ = 1, cxu = r^^^L- 

Thus Claim 4 follows from Proposition 5.6.3. D 

Remark. For any closed subgroup H'^ C Hx, the forgetful maps W/f^ -^ ^h' , 
W^ -^ Wfj, commute with the involutions /3a, /3a- 

6.2. For any A-module M, let M be the set of formal scries in q^^ with coefficients 
in M. We get (see 5.5) 

Recall that if A = Ai + A2 in P+ then the direct sum of representations of the quiver 
n*^ gives an embedding zu : Qai x Qx2 ^^ Q\- Fix a pair of ring isomorphisms 

R^M 2.Z[x±i,...,4i], R^^^ ^Z[y±i,...,y±i]. 

We have R"^^ ~ R^^i R^^^ . Set 

R-Ai/A2 = mq^^,yz/x3;i,j]] <E>z[q-\yi/x,;ij] R-^^ • 

where 1 < i < ^1 and I < j < £2- Recall that k is the closed embedding Fx ^^ Qx- 
Lemma. 

(1) The direct image map k* is an isomorphism W/f^ ^W^ . 

(2) Assume that A = Ai + A2 in P+. Then, there is a unique isomorphism of 
R-Ai/Ag (E) V -modules 

WA1/A2 : RA1/A2 ^IrTa (Wta, ®aWtaJ^Rai/A2 ^IrTa Wta 

such that 1ai ® 1a2 ^^ 1a- 



CANONICAL BASES AND QUIVER VARIETIES 21 

Proof. Let first prove Claim 1. Assume that Hx ~ Tx. We set t — X^i^j- There 
is an isomorphism of rings R-^^ ~ ^[-^i , ■■■,z^^]. Fix R-^^ -bases in Wa, W^. By 
Thomason's concentration theorem in equivariant X-theory and by [20, Proposition 
4.2.2], the determinant of the map k* in those bases belongs to the set 

k 

for some ik,jk G [1,£], n/j; G Z\{0}. We can assume that Uk < for all k. Thus this 
determinant is invertible in the ring R-^^ . The case of a general group Hx follows 
from Lemma 5.5. Let us prove Claim 2. In [24, Proposition 7.10.(i')] we define an 
embedding of R-^^ g) U-modules 

Aw ■■ Wt^ -^ Wt^^ ®a Wt;,^ . 

By [24, Theorem 7.12] the map Aw is an isomorphism whenever q,Xj,yi are spe- 
cialized to non-zero complex numbers such that yi/xj ^ g^+^ for all i,j. Hence it 
yields an isomorphism of R;^^/^^ "^ U-modules 

The unicity follows from Lemma 5.5. D 

6.3. Let a be the map from Qx to the point. We consider the pairing of R^^- 
modules 

( : ) : Wh, X W^^ ^ R^^ 

given by {x : y) — a, (x Cg) y) , where ® is the tor-product relative to the smooth 
variety Qx- The pairing ( : ) is perfect, see [20]. Note that, W^ beeing a free 
A-module, there is an embedding W^ C W^ Let us consider the pairings 

(11) : Wh, X Wi,^ ^ R^\ 

( I ) : Wh, X Wh, -^K"\ ( 1 )' : W^,^ x W^,^ ^ R«- 
such that 

i^Wy) = {cx^axx : uj*T-^{y)), {x\y) = (xll^^y)), (xly)' = {K-^{x)\\y), 

see Lemma 6.2.1. Let d : R'^^ ^ A be the group homomorphism such that 
d{q) = q, and d{V) = if V^ is a non trivial simple iJA-module. 

Proposition. 

(1) We have {x\y) = (ylxy . 

(2) We have (a;lAlylA) = xy\ for all x,y G H^^. 

(3) We have [u ■ x\y) = {x\tp{u) ■ y). 

(4) The pairing {\) is uniquely determined by conditions 2 and 3. 

(5) Wehave{px{x)\\y) = {x\\p'^{y)). 

(6) The pairing of A-modules d{\\) is perfect. 

(7) Claims 1 and 2 hold for the pairing ( | )' also. 
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Proof. First, note that a\Q = 1. By Lemma 5.7.2 we have cao ~ v\)^^^x- By 
Proposition 5.6.3 we have uj*T^^^{lx) = {rlj^^lx. Thus 

(a;lA|ylA) = (c^Qaxoxlx : uj*T-^{ylx)), 
= (.tIa : y^'lx), 
= xy^. 

Claim 2 is proved. Fix u e U, a; G ^Hx,a^ y <= W^ ^. For all u; G T4^ let 
1a,«,*o K1 a; e ^^^{Zx.w*o,a) be the obvious element. We have 

(1a,«,*o ^x)-ky^{x: y)lx.w*o- 
Thus, the associativity of -k gives 

[x -u: y)lx = (1a K1 x) •$A(w)*y = (a; : u-y)lx- 
Thus we get 

(6.3.0) (u-x:y) = (x:<^!)*$A(u)*y)• 

Assume now that x € '^Hx,a'i V G ^Hx,a- Using (6.3.0), Lemma 5.2.3, Proposi- 
tion 5.6.1, (5.7.6) and (5.8.3) we get 

(u-x\y) ^ {cllaxa'^x(u)-kx : u}*T-^K^{y)) 

= {cxl,axa'X : (j)*C^'^Ax<^x{u)*uj*T-^^Kjy)) 
= {x\T^,(:xC^'Ax<Px{u)*y) 
= {x\T^,AxCxCx'^x{u)*y) 
= {x\i)zx'^x{u)*y). 

Then, apply Corollary 5.8.2. Claim 3 is proved. Claim 4 follows from Lemma 5.5.2. 
Assume now that x G Wh;^,q, y G W^ ^ as above. For all w we have 

1a,m)*o * (1a,«)*o ^x) = X. 

Fix ux such that Twa{lxv) = uxlx- Using Proposition 5.6 we get 

uxlx*T-^\lx.^x) = t^„(x), T-;(1a. H x)kT-^\y) = s^\x : y)lx, 



(6.3.1) 



r-„i(lA.Ka;)=«-ilAKt^„(a;), 

(1a M f^„{x))^T-^{y) = uxs-'ix : y)lA. 
This yields 

(6.3.2) {f^„{x):T-;^{y))^uxs-\x:y). 

Claim 5 is analoguous to [14, Lemma 12.15]. First, using (4.5.1) one gets 



(6.3.3) (x : Bq,„ (y)) = q'^- (Bp,^ (x) : y) 
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Note that 

(6.3.4) bx,roo*aaxa - q-'''-/^ 

Using (6.3.0), Lemma 5.7.2, (6.3.4) and (6.3.3) we get 



= g-'^-(x:©Q,Jy)) 



^F,Ax)-yV- 



Using Lemma 5.7.2 and (6.3.1) we get 

The same argument as for (6.3.1) gives 

T^,{x^lx) = s-^T^„{x)^lxu. 
Recah that uj is f-hnear, {rxsxY ~ rxsx, and cxo = (^I)^^Ia- Thus we get 

CxCxTraoix K 1a) = r^^s^\lx ^ cl^Lo*T^^x). 
Thus, (5.8.3) gives T^qC^ uj*{x) — uxs^ c^ uj*Twg{x), i.e. 
(6.3.5) TiooCxio*{x) ^ cxuj*fwo{u^^sxx) 

for aU X e Wh^. Using (6.3.4), (6.3.5), (6.3.2) we get 

{P\{x)\\y) = q'^^''^'^{cxla\aTwobx,wo*aCx,wo*a^*^F^^{x) : uj*T-^{y)) 



{ul^sxf^,^F,Ax) -.T-^iy))^ 



= (Bf.Jx) : 2/)t. 

Claim 5 is proved. Claim 1 follows from (6.3.2), (6.3.5) and Lemma 5.7.2. Indeed 

iAy) = {cx^axx^ : uj*T-^K^{y)) 

= {u\sl^f;^o^*c^^axK^{x) : y^ 
= {cu*c-'T-^^axn4x):y)^ 
- (y|x)t. 

Claim 6 follows from the Schur Lemma and the fact that ( : ) is a perfect pairing of 
R^^ -modules. D 

Remarks. 

(1) The pairings ( | ), ( | )' are obviously compatible with the forgetful maps, see 
Remark 6.1. 

(2) The U-module W^ has the following algebraic interpretation : let WJ^ be 
W^ with the new action of U, denoted by o, such that uox ~ (l)*^xS{u)-kx, 
where 5* is the antipode; then, the U-module W^ is the right dual of W/f ^ . 
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7. Construction of the signed basis 

7.1. Following Lusztig we consider the sets 

B'h, -{be W'h, I /3;(b) = b, 9(b|b)' G 1 + q-'niq-']]}, 

Bh, = {b e Wff, I /3a (b) - b, a(b|b) e 1 + q-^-L[q-^]}. 
We also set B^ = S^^, Ba = Bg,. 

Proposition. 

(1) // the subset B C ^Bj^^^^ satisfies: 

- H is a basis of the K-module W/f^, 

- for any elements b,b' G B we have 9(b|b') G (5b, b' + <l^^'^Vl^^]- 
Then Bhx = iB. The similar statement holds for B'jj^. 

(2) We have x\\,xr\\\i, G Bh^? '^'nd xV^^xrxVy^^ G B'^j , for any x G X-^^ . 

Proof. Claim 1 is standard, see [14, §12.20] for instance. We reproduce a proof here 
for the convenience of the reader. Fix an element b G Bhx- Set b = 'YliPi^i where 
bi G B and pi G A. Fix n eIj such that pi G q^''lj[q^^] for all i and pi ^ q"-^^lj[q^^] 
for some i. For all i let pi„ G Z be such that pi G Pinq" + q^''^^Z[q^^]. Then, 

E.pL>0. Thus, 

a(b|b)Gg2"2]^p|^ + g2„-i^[^-i]^ 

On the other hand, we have 9(b|b) G 1 + q^^1j[q^^]. It follows that n ~ and 
J2iP'in — 1- Since l3\{h) = b and Px{hi) = b, for all i, we must have pi = pi for 
all z. Hence pi G Z for all i. Then X^iPf = 1- Thus b G ±B. Let us prove Claim 
2. By Proposition 6.1.4 and 6.3.2 we have xlx G Bh^: ^^'x ^ ^'h ■ Hence, using 
[11] we get T-^\xlx) G Bh„ T-^Hx1'^) e B'^^. Finally, ProposMon 5.6.3 gives 
Two{^^\) = xrxlx^- We are done. D 

Remark. In general Iao ^ ^Hx- 

7.2. For any A € P"*" let V(X) be Kashiwara's maximal integrable module. By 
definition, ^(A) is the free A- module with the action of the algebra U such that 
there is a weight vector vx of weight A which generates V(X) and satisfies the 
following defining relations : 

Va{vx) = for any a G Q \ {0} s.t. (a. A) > 0, 
(7.2.1) 

il+'^{vx)^Oiit^O, el+^''^\vx)^0, 

see [9, §5.1]. It is proved in [8] that the module V{X) admits a global basis. Let B(A) 
be this basis. The element vx belongs to B(A). Let" : V^(A) -^ V{X) be the unique 
A-antilinear map such that b = b for all elements b G B(A). It is conjectured 
in [24, Remark 7.19] that there is an isomorphism of U-modules V^(A) — > Wa 
such that Vx >-> 1a- Let us first consider the case A — uji. Let VF(wi)' be the 
fundamental simple finite dimensional U'-module associated to the weight tOi, see 
[9, (5.7)], [1,§1.3]. Let W{ujt) C M^(wj)' be the corresponding A-form For any U- 
module M and any formal variable z, let M^ be the representation of U on the 
space M[z±i] such that (x^t)(") ^ (Xjv)^") ® z^ kf^ ^ kf^ (g) z^ Fix a weight 
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vector w^. e W{LUi) of weight uji. By [9, Theorem 5.l5.{viii)] there is a unique 
isoniorphism of U-modules 

(7.2.2) ViLU,)^W{Lo,), 

such that Vi^. i-^ w^- . The product by z is an automorphism of U-modules. It 
preserves the basis 'B{uji). There is a unique basis B°(a;i) of W{LUi) such that the 
map (7.2.2) takes B(u;,) to \_\^^^ z"-B° (coi) , see [9, Theorem 5.15.(Mi)]. 

The group G^^. being isomorphic to C^ we identify R'^'^* with I^lzf^] in the 
usual way. 

Theorem A. 

(1) There is a unique element ai £ Q((7)^ and a unique isomorphism of\J- 
modules (j) : V{uji) — » W;^ . such that v^. ^-^ 1^. and the multiplication by z 
is mapped to the multiplication by OiZi. Moreover Ui = ±1.^ 

(2) Assume that ( | ) : V{(jJi) x V{uji) -^ A is a symmetric perfect pairing of 
A-modules such that {z'^Vi^.\z"^Vuji) — 6n,m and {u-x\y) = (x|-0(u) -y). Then 

±B(u>,) = {b e V{uj,) I b = b, (b|b) e 1 + cf^'L[cf^]}. 

Moreover, (b|b') G q-'^'L[q-^] if h,h' £ B(wj) and b ^ b'. 

(3) Bg^. = ±'/'(B(a;i)). It is a signed basis ofWi^.. 

Proof. Let us prove Claim 1 . We identify K^ {F^. ) with the specialization of the 
U-modulc Wtj; at the maximal ideal of R'^'^^ associated to 1 e G^j. . There is 
a unique element Oi G Q{q)^ and a unique isomorphism of U'-modules Q{q) 'Si a 
K"^ {F^.)^W{ujiy^. such that 1^. t-^ w^., since both U'-modules are simple, see 
[20]. The U-modules K"- (F^.), W{uJi)ai beeing cyclic generated by 1^., Wj^. , we 
get an isomorphism K (Fi^.) —^W{uji)ai such that 1^. i— > w^ji- The identification 
of the group Guj^ with C^ is such that for any {B,p, q) G Ai^.a and any g^. G G^j^ 
we have 

(l,.9c^.,l) • (B,p,q) = {B,gZlp,guS)- 

Since pj =0, qj = ii j =^ i we have 

(1,5^., 1) • {B,p,q) = (1,1, ffa) • {B,p,q) 

for ga — {9aj)j with ga^ = .g^J.^Idc^j . Then the group G^^ acts trivially on F^^ and 
the natural isomorphism of A[Zj ]-modules 

W^^ =K«-xc^(F^J^KC^(^^J[z±1] 
takes Vj to Vj (E> Zi, and Wj to Wj ® 2;^. In particular we have 



^H. Nakajima remarked that Theorem A.l was not stated correctly in a previous version of 
the paper. He also mentioned to us that the isomorphism of U-modules V(uJi) -^ W^j^ was known 
to him. 



26 MICHELA VARAGNOLO AND ERIC VASSEROT 

and x^,, H^ xf^ <, k^^ ^ kf^ ® <, because ta+a^ - ta ^ /+„ - fj.^. Hence 

The map (j) takes the involution v ^-^ v on V{uji) to the involution (3^]^ on W^^. 
since both U-modules are cyclic and the involutions are compatible with m h^ u on 
U. The map P^j. is Zi linear by Corollary 5.8.1, the map w t-^ w on V{uji) is z linear 
since product by z preserves B(aJi). Hence di = ai. The j'-th Drinfeld polynomial 
of K'^'' (i^^J is Pj{t) == (t - q-^'Y^^. Hence the j-th Drinfeld polynomial of W{uJ^) 
is Pj{t) — {t — a^^q^'^Y'K An easy computation shows that the elements hj^±i act 
on the vector w^^. e W{LUi) as follows hi^±i{wi^-) = af^q^'^w^^^. Since hi^±i belongs 
to U the element aiq^'^ belongs to A and is invcrtiblc. Thus a^ = ±1 because 
tti G ±(j^ and ai — di. 

Let us prove Claim 2. We first recall some well-known fact. Let B be the 
canonical basis of U, see [13, §25.2]. By [8, §8] there is a subset 1(A) C B such 
that the space /(A) = ©|-,gi(;^) Abe Vrjx is a left U-submodule, and such that 

there is a unique isomorphism of U-modules \Jri\/I(X) —^ V{X) which takes rjx 
to v\. The U-modulc V{X) beeing intcgrable, Kashiwara's modified operators e^, 
fj, j e I U {0}, act on V{X). Let i(A) C V{X) be the Z[(jr"i]-lattice linearly 
spanned by B(A). It is stable by the operators Cj, fj, see [8, Proposition 9.1], and 
contains the element v\. The induced operators on the quotient L{X)/q~^L{X) are 
still denoted by Cj, fj. Let tt : L{X) -^ L{X)/q^^L{X) be the projection. We set 
B{X) = 7r(B(A)). It is known that e^, /^ take B{X) to B{X) U {0}. 

We now assume that X = tOi. Then the operators e^, fj are 2;-linear. Let L'^{uji) 
be the Z[(7~^] -module spanned by B"(a;i). Let B'^{uji) be the projection of B°(wi) 
in L'^ (uji) / q^^ L'^ (uji) . There is an isomorphism of crystals 

{B"icj,),L°icj,)) ~ {Bicj,),Licj,))/iz-l). 

Any element in B'^{uji) can be reached at w^^. after applying a monomial in the 
operators ej, j £ / U {0}, see [1, Lemma 1.5.(1) and (2)] and [9, Proposition 
5.4. (i)]. Thus any element in B{u)i) can be reached at {z"^v^. ; m <E Z,} after 
applying a monomial in the operators Cj, j G I U {0}. 
Set L(u;i)°° = Ufc>o H^iY^ where 

i<kji,...ji 

We claim that 

(7.2.3) L{LJ,)^L{LJ^)°^+q-^L{uJ^), 



(7.2.4) {L{uj,) I i(^,)) ^ nq^'l ilA^M e {x\edy)) + q-^n<i'\ 

Vj G /U {0}, Va;,y G L{uJi). Claim (7.2.3) is obvious. To prove (7.2.4) we use the 
following Lemma, whose proof is given after the proof of the proposition. 

Lemma. Fix j e I Li {0}. For any x G V{uji) fix elements Xr G V{uJi), r G [0,i], 



such that X = X]r=o ^j i^r) o,nd ej{xr) = 0. 
(1) If X E L{uJi) then Xr G L{uJi). 
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(2) If X G B(a;i) then there is tq G [0,i] such that x.^^ G B(a;i) + q^^LioJi) and 
Xr G q^^L{uJi) ifr^ro- 

(3) Fia; A,/i G P. Assume that x G L{uji)\, and {x\L{uJi)) C l^q^^]. Fix 
y G L{LUi)fi, with ji — X — oij and fix elements ys G V{LL!i), s G [0,u], such 
that y = X]r=o ^i iVs) '^^d. ej{ys) = 0. Then {xr \ ys) G l^q^^] for all r, s. 

The U-modulc Viuii) is endowed with its P-gradation, see [9]. For any fi E P 
let y(w,)/i C V{uji), L{ijJi)f, = L{LJi) n V{LJi)f, and L(a),)| = i(t^j)'' n F(a)j)/, be 
the corresponding weight subspaces. Then 

{Viu;,)f,, I Viu;,)^,) ^ ^ Ai " A2 e ZJ, 

(7.2.5) H^^)t^E,.f,{H^"'-' ' 



e 






We first prove by induction on k that 

(7.2.6) (L(L^,)'l^(^.)>CZ[g-i], 

(7.2.7) {f,{x)\y) G (x|g,(y)) + q-'Z[q-% 

Vj G / U {0}, Vx G L(wi)^ Vy G i(w,)- We have L{Lu,f = Z[g-i, z±i]w^^, and 
L{uJi)^j.+nS — '^[q~^]z"'v^-. Thus, (7.2.6) for /c = reduces to 

(Z[g-i]z"«^jZ[g-i]z%^J C Z[g-i], 

which foUows from {z"^v^. \ z"v^.) — Smn- Similarly, (7.2.7) for /c = reduces to 

(7.2.8) if jiz"vu.M e {z^v^^ejiy}) + q-'Z[q-']. 

This is obvious if j = because {fj{z"v^.)\y) 7^ or {z"v^.\ej{y)) ^ implies 
that y G ®„ V'(wj)^,+0+„5, and V(cjj)^,+0+„5 = {0} for aU n, see [9, Proposition 
5.14.(i)] for instance. If j ^ 0, (7.2.8) is proved as follows. Since ej{z"'v^.) = 0, we 
have fj{z"-v^.) = f,(z"wj^.). Fix elements ys G V{uJi), s G [0, u], as in Lemma 7.2.3. 
Then, ys G L{uji) by Lemma 7.2.1. We must show that 

(f.(^"«^J I Es>of^/\ys)) e (^"«.. I Es>ift'^iys)) + q-'nq-']- 

The computation in [13, Proposition 19.1.3] gives the result, since {z'^v^. \ys) G 
Z[g-i] for all s, by (7.2.6) for fc == 0. We may therefore assume that (7.2.6), (7.2.7) 
are already known for k — \ with fc > 0. Using (7.2.5) we sec that (7.2.6) for k 
follows from (7.2.6), (7.2.7) for fc — 1. Finally, (7.2.7) for fc is proved as in [13, 
Proposition 19.1.3] using (7.2.6) for fc, and Lemma 7.2.3. 
From (7.2.6) we get 

{L{LO,r\L{u:,))'Z'L[q-^]. 

On the other hand there is a positive integer a such that 

(L(c^,)|i(c^,))Cg"Z[g-i] 
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because B"(tJi) is finite. Using (7.2.3) it yields 

{L{uo,)\L{uoi))(^'L[q-\ 

Similarly, given x,y G L{uJi) we fix x°° G L{u)i)°° such that x — x°° E q^^L{uJi), see 
(7.2.3). Then (7.2.7) yields 



(/,(x-)|y)e(x°°|e~,(y))+<j-iZ[g-i] 



Thus 



^(x\e,iy))+q-^Z[q-^]. 

We have proved (7.2.4). 

Then, Claim 2 is proved as in [13, Lemma 19.1.4], using (7.2.3), (7.2.4) and 
Proposition 7.1.1. More precisely for any element b G li(uji), let £{h) be the 
smallest A: > such that b G L{uji)'^ + q~^L{uji), see (7.2.3). For any b, b' G 'B(uji) 
we prove by induction on £(b) that 

(7.2.9) {h\h')eq-^Z[q-']iih^h', 



(7.2.10) {h\h)el + q-^Z[q-^]. 

Ii£{h) = then b = z"w„, for some n G Z. Thus, if (b | b') 7^ then b' = z"w^^ for 
some m and both statements are obvious. Fix k > 0. Assume that (7.2.9), (7.2.10) 
hold for any b, b' such that £(b) < k. Fix b, b' such that £(b) = k. By (7.2.3) there 
is an integer j G /U{0} and an element bi G 'B{uji) such that /j(bi) G h + q^^L{uji) 
and ^(bi) = A: - 1. Using (7.2.4) we get 

(b I b') G (/,(bi) I b') + q-'Z[q-^] = (bi I g,(b')) + q-'nq-']- 

We have ej(b) G bi + q^^L{uji). Thus, 

(b|b)G(bi|bi)+g-iZ[g-i]. 

Hence (7.2.10) for k follows from (7.2.10) for k - 1. li h ^ b', either gj(b') G 
q^^L{u}i), and then 

(b|b')Gg-izri] 

by (7.2.4), or there is an element b'j^ G B(a;i) such that ej(b') G b'j^ + q~'^ L{uj.i) . In 
the last case bi 7^ h'^ (else applying fj we would get b G b' + q^^L{uJi), and thus 
b = b'). Hence (7.2.9) for k follows from (7.2.9) for fc - 1. Finally, Claim 2 follows 
from (7.2.9), (7.2.10) and Proposition 7.1.1. 

Claim 3 is obvious from Claim 1 and Claim 2. D 

Proof of Lemma 7.2. Claims 1,2 generalize [13, Lemma 18.2.2] to the non-highest 
weight module case. The proof follows [13, Lemma 18.2.2]. Note that we only use 
Claim 1; Claim 2 is given for the sake of complctness. 
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We prove Claim 1 by induction on t. It is obvious if t = 0. Since 

t-i 

we get X]r=o-^7 (^'•+1) ^ L{lij.i). The induction hypothesis for t — 1 gives x^+i G 
L{uji) for all r G [0, t — 1]. Since ej{xr+i) = we have fj*" (x^+i) = fj^^{xr+i)- 
Since fj{L{uJi)) C L(wi) we get f-'' ^2:^+1) G L{uji). Using x G L{uji), {j{xr) G 
L(wi) for all r G [l,t] we get xq G L{uJi). 

We prove Claim 2 by induction on t. It is obvious if t = 0. Since x G B(tJi) we 
have ej{x) G B(aJi) + q^^L{u!i) or ej(a;) G q^^L{uii). In the second case we get, 
using Claim 1, Xr G q^^L{uJi) for all r G [1, i]. Thus xq £ x + q^^L^cOi) and we are 
done. Consider now the first case. Using the induction hypothesis for i — 1 we get 
an integer ro G [0,t — 1] such that Xra+i G B(tJi) + q^^L{uji) and x^+i G q^^L{uji) 
for aU r G [0,t - 1] \ {ro}. Thus ij{x) G /J''(x^„+i) + g-iL(w,). Hence 

X G fjEjix) + q^^L{uJi) = /J'''+^(xro+i) + (7"^L(wi). 

Hence, necessarily xo G <7^^L(a;i). We are done. 

We prove Claim 3. To simplify we set x^ = ?ys = if r > t, s > u. For any 
a,6 > we have, see [13, Proposition 19.1.3], 

{ijiXr) I ij''\ys)) = Sa,bSr+l,sCa,s{^r I Vs), 

where 



Ca.s = q 



a — a(/j+saj ,Qj) 



(/i + Saj , Q!j ) 



a 



From Claim 1 we have y,, G L{uJi)^-\-sa- for all s. Since ej(j/s) = we have 
^'^^(jJs) = fr'iys)- In particular, i^'~^\y,) G L(c^.)m+",- Thus {x \ fj'"''(y«)) G 
"Zlq^^]. On the other hand. 



t 



{x I fj^-^^(y.)) ^ Y. <fr(^-) I ff "'^(y^)) - Cs-iA^s-i I y.). 



Now 



Cs-i^s — q 



r=0 



= (s-l)^-(s-l)(p+sO!j,aj) 



s-l 



G l + q-^Z[q-\ 



Thus {xg-i 1 2/s} G Z[g ^] for all s > 1. If s 7^ r + 1 then {xr \ j/s) = since Xj., j/s 
have different weights. D 

Here is the main result of the paper. 

Theorem B. 

(1) The sets Btx , ^t '^''"^ signed basis o/Wy^ , W^ . Moreover, for any b, b' G 
Btx (resp. b, b' G B'rp ) we have 

a(b|b') G (5b,b' + q-^nq-^] (resp. a(b|b')' G <5b,b' + q-^niq-^]]). 

(2) The signed basis Btx; ^'t ^^^ dual with respect to the pairing d{\\) in the 
following sense : for all b G Bt^ there is a unique element b' G B'j, such 
that 9(b||b') = 1, and we have 9(b||b") ~ whenever b" ^ ±b'. 



30 MICHELA VARAGNOLO AND ERIC VASSEROT 

Proof. Fix a decomposition A = X]fe=i ^ik- We set Vi-^^,,,^i^ — v^j^ iX> • • • (8 Vujf By 
[9, §8] the U-submodule 

N := U . (R^^ ® i;,,,...,,J C 0, n^,J 

admits a unique involution c""'^ such that 

c"°''(wn,...,ij = «ii,...,i«, c"°''(u • Wii,...,iJ = u • Wii,...,if, Vm e U. 

Set R^"''= = Z[z^^] for aU fc. Set also 

where k takes all possible values in [1,£]. The tensor product 

is endowed with the unique pairing of R^^/ /i^-modules such that 

{<S)k^k I (2)fcyfe)n/.../j, ={2)fc(a;*; l^fe), Vxfc,yfc e Wt„^^, 

and the pairing ( | ) on each factor is as in 6.3. As in 7.1 let d{ \ )ij/.../i^ be the 
corresponding pairing 

(2),Wt.,^ X{g),WT.^^ -^Z{{q-')). 

We have an isomorphism of U-niodules Wy^ c± V{uji) such that l^ji *—>■ v^j-, see 
Theorem 7.2.A.I. By Theorem 7.2. A.2 we have 

±0,B(c..J+{8),g-iL(a,,J = {b e (8),WT„,J9(b|bk/.../., = l + g-^Zfe-i]]}. 

Thus, by [9, Theorem 8.5 and Proposition 8.6] the set 

{b e N I c"-(b) = b, a(b|b),,/.../,, = 1 + q-^Z[q-^]} 

is a signed basis of N. Iterating (i — l)-times the map in Lemma 6.2.2 we get an 
isomorphism of U-modules 

^ii/.../ie ■ 0feWT„^^ ^Rjj/.../ij (g)^t^ Wt;,, v^^ ®---Vu,i ^ 1a- 

The U-modulc Wt;^ is generated by R-^^ (2)1^ by Lemma 5.5.2. Thus vUi-^/fi^ (N) = 
Wt;^. By [7] the pairing ( | )i-^/,,,/ii still satisfies Proposition 6.3.3 with 1a instead of 

Vi-^ ij. It is easy to see that Proposition 6.3.2 also holds in this setting. Thus, by 

Proposition 6.3.4 the pairings ( | ^i^j ...ji, and ( | ) on N and Wt;^ coincide. Moreover, 
Proposition 6.1 and Corollary 5.8.2 give tUjj^/ /i^c"°'' = (i\V0i^/,,,/ii,. Thus, 

^^^/.../^, ({b G N | c"-(b) - b, a(b|b),,/.../,, = 1 + g-^Zfe-l]}) = 
= {b e Wt, I /3a (b) = b, 9(b|b) G 1 + q-^nq-^]}. 
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In particular, Bt^ is a signed basis of Wt^ such that 

(7.2.11) d{h\h') e S^,^, + q-^Z[q-^] 

for all b,b' e Bt^. By Proposition 6.3.6 there is a signed basis B^ C W^ dual 
to Btx with respect to the pairing 9(||). Let b* G B^ be the clement dual to 
b G Btx ■ Let E : Wt^ -^ W^ be the unique A-modules isomorphism such that 
E{h) = h* for all h e Bt^. Using (7.2.11) we get 

Thus, the map k* : Wt;^ -^ W^ is invertible (see also Lemma 6.2.1) and we have 

(K,)-i = 5](-l)"i?-i((«.-i?)i?-i)". 

n>0 

In particular we get 

9((«,)-l(b*)|b'*) G <5b,b' + q-'n[q-% 
i.e. 

d{h*\h'*Ye6y,,i,,+q-'Z[[q-% 

for all b, b' G Bt^ ■ Using Proposition 6.3.5 we get also /?^(b*) = b* for all b G Z?Ta • 
Thus B^^ C B'rp^. Then, apply Proposition 7.1.1. We are done. D 

Remarks. 

(1) It is easy to see that X-^^ is a subgroup of the multiplicative group of R-^^ 
such that X^^ Bt^ — Bt^ . Thus there is a subset B^^ C Bt^ which is an 

R^-^ -basis of "Wt^- In particular for any maximal ideal / C R"^^ the set 
B^^ (g) 1 is a Z-basis of Wt^ '^■rt^ (R-^^/^)- K t(-^) = I then the involution 
(3tx ^nd the metric d{ \ ) descend to ^t^ ^rt-a i^^^ /^)- It is not clear if 
ibBjn (g) 1 admits a similar characterization as Btx in 7.1. 

(2) Probably the sets B\, B'^ are signed bases of Wa, W^. The conjectures in 
[9, §13] and the previous theorem suggest that Kashiwara's canonical basis 
of V{\) coincide with B\, B'^, up to signs. 

7.3. We do not assume any more that g is simply laced. Fix i E I. The funda- 
mental module W{iOi) is as in [9]. Let VF(a;i)[z^^] be the afhnized module, see [9, 
§4.2]. Set di = max(l, {ai,ai)/2). Then V{uJi) is isomorphic to the U-submodule 

W{uj^)[z^''^] C VF(wj)[z±i], see [9, Theorem 5.15.(wMi)]. Set z, = z'^Td : V{uJ^) -^ 
V{uji). Let us mention the following fact, which is not used in the paper. 

Proposition. For any g (not necessarily simply laced) and any i E I there is a 
unique pairing of A-modules ( | ) : V{uJi) x V{uJi) -^ A such that 

{z^Vu;,\z^v^.) = Sn,m, {u ■ x\y) = {x\^p{u) ■ y) . 

This pairing is perfect and symmetric. 
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Proof. The proof is similar to the proof of [13, Proposition 19.1.2]. By [9, Propo- 
sition 5.14:. (iii)] the space V{LUi)p_ is finite-dimensional for any /t G P. Set 

^(^«)* = 0Hom(y(c^OA»- 
jieP 

Since tp is an antiautomorphism, there is a unique U- module structure on V{LL!i)* 
such that 

(7.3.1) {u ■ f){x) ^ f{ip{u) ■ x), Vu e U, Va; e V{uJi). 

The U- module V{uji)* is endowed with the P- grading such that 

y{^-i)li+nS = Hom(y(a)j)^+„5, A). 

Recall that V{uji)^. ~ A-v^.. Let f^. E V{uJi)* be the unique linear form such that 
fui(v^.) = 1, and fi^iiy) = for aU v e V{LJi)f^ with fi ^ iVi. Hence, ^, e V{uJi)2,^. 
We must prove that there is a unique morphism of U-modules V{uJi) — > V{u!i)* 
which takes w^^. to f^. , and that it is invertible. The spaces y(wi)^, V{uJi)*- have the 
same dimension for all fi. Thus the set of the weights ^ € P such that V{u}i)* ,^g ^ 
{0} for some n G Z is contained in uii — '^j^j^ctj, since this is true for V{uji). 
Hence f,^- is an extremal vector of weight uji, see [9, Theorem 5.3]. By the universal 
property of T^(aJi), there is a unique morphism of U-modules : V{u!i) ^ XJ ■ fuj. C 
V{LUi)* which takes v^^ to /^. . Moreover, we have (p{V{LUi)j^) C V{uji)*- for all jj, <E P. 
Since V{uji)fi is finite dimensional it is sufficient to prove that the map (f) is injective. 
Let the operator Zi acts on V{LUi)* by 

{z, ■ f){x) = f{zr^ ■ x), Vx e t/(u>,),V/ e V{cj,r. 

Then commutes to Zi. Since W{uJi) ~ V{LOi)/{zi — l)V{uJi), the map (/) induces 
a non-zero morphism of U-modules W{uji) -^ W{uji). It is injective since W{uji) is 
simple. Thus is injective. 

The pairing is symmetric because it is unique and ip'^ —Id. D 

8. Example 

We assume that H = ({1},0). We set A — ioji, a = aai. To simplify we omit 
the subscripts 1 and we set Qia — Q\a, dia — d\a, etc. Set 

a' — a+1 

a'—a—l 

We have Qia ^ if and only if < a < ^. More precisely F^a is smooth and iso- 
morphic the Grassmanian of a-dimensional subspaces in C^, and Q^a ~ T*Fia- An 
element in Q^a may be viewed as a couple (V,u), where T^ C C^ is a a-dimensional 
subspace, and u G End (C^) is a nilpotent map such that Imu C T/ C Keru. The 
element z G C* acts on T*Fia by multiplication by the scalar z^ along the fibers. 
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The automorphism lo : Qia ^^ Qe.e-a takes the couple {V,u) to {V^,'^u), where 
y-"- C C^ is the subspace orthogonal to V, with respect to the canonical scalar 
product on C^. Let £'^ be the tautological rank a vector bundle on T*Fia- Let £a 
be the restriction of £'^ to Fta- Set Q', = Wa/£'a, Qa = Wa/£a- Set £ = 0,fa, 
£' = ®„f^, etc. We have 

V = q£ , X^ ^ As' ^rAwAs'^ ^r —As'^rAwAg'- 

Hereafter we omit the operators k» and (8). The following lemma is immediate, see 
for instance [22]. 



Lemma. 

'„ L ~+fi \ r« ,. , 111 ~~fi \ r,. , 111 

J+1- 



(1) We have x^ilia) ^[i- a+ l]le^a-i, x^ (l^a) = [a + l]l£,a^ 



(2) We have 1,„ = E-=o'"\-^Tq-'' A^ (Q'aS'a*)- 
A direct computation gives 
Proposition. 

(1) We haveB[ = Bi = ±{a;lio,a;Aw In; a; e XJ. 

(2) We have B'^ - ±{xl'2o,^Aw^'2i^1'^^Aw Q'2i^^Aw^22;^ e Ag^ ® X2}, 
B2 = ±{xl2o,a;A>vl2i,g"^a;A>v^2i,a;Awl22;a; £ Ag^ 'X'Xa}. 

Appendix 

Let us check that x{wq * a) = x(a) and y{wQ * a) = y{a), for all a E Q, where 
X : Q ^ Z and y : Q ^ Z/2Z are the quadratic maps which satisfy (5.7.1). We 
give the proof for the map .x, the case of the map y is left to the reader. Set 

"==Xl"j"j' ^^"Xl^i'^J' J^^ A-u;o(A) ==^fcjaj. 
i i 3 

Write x{a) — Q{a) + L{a) + a, where Q is a quadratic form, L is a linear form and 
a e Z. Put 

hi j 

A direct computation gives gi-a ~ Ci + ^ CijOj with 

Ci = -1 + (2 - c)li + (2c - l)fci, Cy = (c - 2)ay + %(2 - 2c). 

Using the relation x{a + a^) — x{a) = cki — gi-a, we get 

bi = cfci - Q + -Cii = (c - 2)£i + (1 - c)fcj, 



1 c 

(1) <7jj = --Cij = (1 - -)ajj + %(c - 1), 

that is 

(2) Q(a) = (c-l)|a|2 + (l -£)(«,«), i(a) = (c - 2)(A, a) + (1 - c) ^ /c,a,. 
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The identity Q{iy) + L{v) +a = x{v) = (c - l)\v\'^ - c(A, A), gives 
a - -c(A, A) + (| - l)(v, i^)-{c- 2)(A, v) + {c - l)\v\^ = (c - l)\y\^ - c(A, A), 

since 2(A, v) = (ly, v). In particular 

a = x{Q) ~ x{i'). 

We want now to check that x{wq * a) — x{a). Since x{v) — x(0), we have Qiv) + 
L{v) = 0. Moreover (2) gives Q{a) — Q{wo{a)). Thus it is enough to prove that 

L{wo{a)) - L{a) ^ 2^kiqijaj_. 

By (2), the left hand side is equal to 

(2 - c){iy, a) + (c - 1) ^ kj{aj + a^). 

3 

By (1), the right hand side is equal to 

(2 - c){u, a) + 2(c - 1) X! %". 



v 

3 



Since wq{v) = —v we have fcj = kj. We are done. 



References 

1. Akasaka, T., Kashiwara, M., Finite dimensional representations of quantum affine algebras, 
Publ. R.I.M.S. 33 (1997), 839-867. 

2. Beck, J., Braid group action and quantum affine algebras, Coinrnun. Math. Phys. 165 (1994), 
555-568. 

3. Beck, J., Chari, V., Pressley, A., An algebraic characterization of the affine canonical basis, 
Duke Math. J. 99 (1999), 455-487. 

4. Chriss, N., Ginzburg, V., Representation theory and complex geometry, Birkhauser, Boston- 
Basel-Berhn, 1997. 

5. Dc Concini, C, Lyubashcnko, V., Quantum function algebra at roots of unity. Adv. Math. 
108 (1994), 205-262. 

6. Kac, v.. Infinite- dimensional Lie algebras, third edition, Cambridge University Press, 1990. 

7. Kashiwara, M., On crystal bases for q-analogue of universal enveloping algebra, Duke Math. 
J. 63 (1991), 465-516. 

8. Kashiwara, M., Crystal bases of the modified quantized enveloping algebra, Duke Math. J. 73 
(1994), 383-413. 

9. Kashiwara, M., On level zero representations of quantized affine algebras., QA/0010293. 

10. Lusztig, G., On quiver varieties. Adv. Math. 136 (1998), 141-182. 

11. Lusztig, G., Canonical bases arising from quantized enveloping algebras, II, Common trends 
in mathematics and quantum field theories (T. Eguchi et. al., ed.), voL 102, Progr. Theor. 
Phys. Suppl., 1990, pp. 175-201. 

12. Lusztig, G., Finite dimensional Hopf algebras arising from quantized universal enveloping 
algebras. Journal of the A.M.S. 3 (1990), 257-296. 

13. Lusztig, G., Introduction to quantum groups, Birkhauser, Boston-Basel-Bcrlin, 1994. 

14. Lusztig, G., Bases in equivariant K-theory, Represent. Theory 2 (1998), 298-369. 



CANONICAL BASES AND QUIVER VARIETIES 35 

15. Lusztig, C, Quiver varieties and Weyl group actions, Ann. Inst. Fourier 50 (2000), 461-489. 

16. Lusztig, G., Remarks on quiver varieties, Duke. Math. J. 105 (2000), 239-265. 

17. Levendorskii, S., Soibelman, I., Some applications of quantum Weyl groups, J. Gconi. and 
Phys. 7 (1990), 241-254. 

18. Maffei, A., A remark on quiver varieties and Weyl groups, AG/0003159. 

19. Nakajima, H., Quiver varieties and Kac-Moody algebras, Duke Math. J. 91 (1998), 515-560. 

20. Nakajima, H., Quiver varieties and finite dimensional representations of quantum affine al- 
gebras. Journal of the A.M.S. 14 (2000), 145-238. 

21. Nakajima, H., Reflection functor for quiver varieties. Preprint (2000). 

22. Vasserot, E., Representations de groupes quantiques et permutations, Annalcs Sci. ENS 26 
(1993), 747-773. 

23. Vasserot, E., Affine quantum groups and equivariant K -theory. Transformation Groups 3 
(1998), 269-299. 

24. Varagnolo, M., Vasserot, E., Standard modules of quantum affine algebras, Duke Math. J. (to 
appear). 



DePARTEMENT de MATHEMATIQUE, UnIVERSITE DE CeRGY-PONTOISE, 2, AV. A. ChAUVIN, 

BP 222, 95302 Cergy-Pontoise cedex, France 

E-mail address: mlchela.varagnoloOmath.u-cergy .fr 

DEPARTEMENT DE MATHEMATIQUE, UnIVERSITE DE CeRGY-PONTOISE, 2, AV. A. ChAUVIN, 

BP 222, 95302 Cergy-Pontoise cedex, France 
E-mail address: eric. vasserotOmath.u-cergy.fr 



